We present an investigation of the stability of the cylindrically symmetric higher-bound states that can be formed in a self-focusing medium with saturation. The higher-bound states are found to display transverse instabilities that break the azimuthal symmetry of the system. An approximate analytic theory is presented that correctly describes the qualitative variations of the numerically calculated instability growth rates.
I. INTRODUCTION The problem of the self-trapping of optical beams [1, 2] in nonlinear media has been studied extensively over the last three decades both experimentally [3] and theoretically [4] . However [8] . In contrast, to the best of our knowledge, only one paper by Kolokolov and Sykov [9] has considered the stability of the higher-bound states, and their findings have never been tested by direct numerical simulations of the nonlinear wave equation.
In this paper, we present an investigation of the stability of the cylindrically symmetric higher-bound states that can exist in a self-focusing medium with saturation. For this case the ground state is known to be stable, but we find that the higher-bound states display transverse (modulation) instabilities which break the azimuthal symmetry of the system [8] . Transverse instabilities arise for nonlinear waves whose description requires fewer dimensions than that of the coordinate space. For the case at hand, the higher-bound states can be described using the coordinate system (r, z), which is two dimensional. The transverse instability corresponds to growth of perturbation eigenmodes which depend on the azimuthal angular variable 0 in three-dimensional cylindrical coordinates. [9] . These simulations show that upon propagation the annular rings of the higher-bound modes break into a series of regularly spaced filaments or hot spots, the number of which is accurately predicted by the numerical and analytic stability results. Such periodic beam breakup into filaments has previously been studied both experimentally [10] [11] [12] [13] and theoretically [14] [15] [16] for input fields other than bound states. In particular, for the case of a Kerr-type nonlinearity, Campillo, Shapiro [11, 12] , and Suydam [14] (Fig. 3) . In both cases the most unstable perturbation eigenmode does not correspond to the largest allowed value of I, since for q (0.6 the highest growth rate occurs for m =4 whereas I =5 is also present, and for q )0.6 the highest growth rate occurs for I =3 whereas m =4 is also present. This result is in contradiction to the findings of Kolokolov and Sykov [9] , who concluded that, for nonlinearities for which the ground state is stable, the perturbation eigenmode of largest growth corresponds to the maximum possible azimuthal index m.
These authors did, however, also find that the growth A typical example of the calculated perturbation eigenmode for n =1 is shown in Fig. 4 around the outer ring. This is illustrated in Fig. 6 where we show the unstable perturbation eigenmodes corresponding to the peaks in Fig. 5 for (a) where r is the jth zero of the nth bound state, A"(r& ) =0.
Clearly these quantities measure the mean radius and field amplitude averaged over the annular ring. We have seen in the preceding sections that the unstable perturbation eigenmodes for the higher-bound states are concentrated mainly around the annular rings of these solutions (see Figs. 4 and 6 ), and one may therefore anticipate that the stability properties are related in some way to r"I and A"I as defined above.
We now assume that the stability properties of the bound state can be obtained from a simple one- Fig. 8 for n = 1 and q =0.8. propagates. In contrast, Fig. 9 shows the corresponding results for q =0. 8 
